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Abstract. By using the method proposed by Gomei and Sierra, I give the expl:clt expression
of the intertwiner for semiperfadic representations of §4/,(2) when q = 1. The quantum
Clebsch-Gordan coefficient for this case was also dlscussed

1. Introduction

Recently, much more attention have been paid on the quantum group which is
non-commutative and non-cocommutative Hopf algebra developed in statistical
models. The physical applications comprise lattice statistical models [1-5] and confor-
maj field theory [6-9]. There are deep relations to other theory such as braid group
which has been related to fractional quantum Hall effect [10].

One of the simplest examples of quantum groups is SU,(2), the deformation of
SU(2), which is the hidden symmetry of minimal and SU(2) Wess-Zumio-Witten
models-in conformal field theory [6,9] and of Heisenberg model with non-trivial
boundary condition in statistical model [3]. In conformal field theory, the g-analogue
of 6j symbol is related to the crossing and braiding properties of conformal tlocks
[6,9]. 1t is well known that SU,(2) with generic ¢ has similar properties as SU(2).
The Racah and Clebsch- Gordan coefficients have been explicitly given [11, 12].

However, the physical interest one is the case ¢ being a root of unit. The symmetries
of most physical models are the quantum groups in this case. Mathematically, things
become complicated. For SU,(2), the representations can be classified into four kinds
[13]: (a) irreducible or regular representation which can be characterized by spin j as
classical SU{(2); {b) semiperiodic representation which has a non-zero parameter; (¢}
periodic or cyclic representation; (d) indecomposable representation. Forthermore,
there is no expression of R-matrix, but only for pieces of R matrices ‘acting on a
particular type of representation. It seems desirable to find the R-matrix satisfying the
Yang-Baxter eguation and the Clebsch-Gordan coefficients for semiperiodic rep-
resentation of SU,(2). .

The R-matrix in this case can be obtained by solving an operator iterating equation
which is derived from the axiom of quasi-triangular Hopf algebra. Gomez and Sierra
[14,15] proved the existence of the R-matrix satisfying the Yang-Baxter equation
under the condition that the parameters characterizing two semiperiodic representations
lie on an algebraic curve. This R-matrix can be used to construct a statistical model.
In this paper, we use the method proposed by Gomez and Sierra to get the intertwiner
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R and the Clebsch-Gordan coefficients for the semiperiodic representation of SU,(2).
The programme is reviewing the algebra SU,(2) in section 2 and calculating the
intertwiner R and giving the Clebsch-Gordan coefficients in sections 3 and 4 respec-
tively. In the following we will think g as a root of unit (g™ =1, N odd).

2. SU,(2) algebra

SU,(2) algebra is a Hopf algebra with generators E, F and K which satisfy
EF-g*FE=1-K*
KE =g EK (1)
KF = g*FK

the comnltiplication is
AE=E®@1+K&E

AF=F®K'+1®F (2)
AK=K®K

antipode y and co-unit ¢ are
y(E}=-K™'E y(F)=—K™'F y(K)=K™
s(B)=s(F)=0  &(K)=1 @)

For case g™ =1 (N odd), the central Hopf subalgebra is generated by x=E", y=F",
z=K" and casmir C=EF+[H+1]/2(K = g™). The representation of SU,(2) can
be classified according to the values of x, y, z. Our interested one is so-called semiperi-
odic representation (x =0, y, z # 0), which is an irreducible representation of dimension
N. In this case, E is a nilpotent whereas F is an injective. So, the representation can
be denoted by £=(y, A). It has a highest weight vector v, such that Ev,=0 and no
lowest weight vector. The semiperiodic representation is given by the basis
(Uo, ey 'UN-]) [15, 16] and

FUP = klfN(l _)\qp)vp-;.l

Eg, =k~ [p}(1+Ag" g,y @
Kv,=Ag"p,
where k=1/(1—A") and [ p] is the g-number
1— q2p .
[pl= 1—g% (?)
For the convenience, we will use the notes introduced by Gomez and Sierra, which is
Ba—1
h (1—-ig7} n<p2
r=py
(Aprp=9 1 n=p (6)
Lot ot 2
e 1+Ag%) >p,.
i ILOFAD p>ne

In terms of this equation (4) can be written as
Fnep = ()L)p,p+nep+n

ETg,= (A)pp—n€oon-

(7)
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That quantum group SU,(2) is a quasitriangular Hopf algebra means the existence of
a map R

R:SU,(2)®8U,(2) » SUL(2)® SU,(2) (8)
which must satisfy
RA(a)=A'(a)R (a e SUL(2)) 9)

(id ®A)R = R13R12
(A@id)R=R13R23 N
where A'(a) = o ° A(a). Equation (10) means that R satisfies the Yang-Baxter equation:

(10)

Ri3R;3R3 = Rps Ry R . . - (11)
For generic g, it has been shown that the universal R-matrix can be written as’
w{n+1}/2

= AHOH4 q
R q néo [n] !

E"®q ""F", (12)

- However, there is 0o expression for an universal R-matrix, but only for pieces of
R matrices acting on particular type of representations in case g being root of unit.
We will follow the method proposed in [15] to find the R-matrix for SU,(2). Now we
only consider the intertwiner between two semiperiodic representations which are
characterized by & and & respectively. Assuming that the intertwiner satisfies the
following condition

1LR(E O =Iuven nomﬁization ‘ (13)
2: R(&, &IR(&, &)= Iven unitarity (14)
3: R(&, &)=PR(&, £)P reflection symmetry. {15)

Generally, equations (10) and (14) uniquely determine an intertwiner R up to a constant
which can be fixed by proper normalization. For the convenience, we may normalize
it according to the action of R on the highest weight vector state e;®@e, to be a
permutation:

R(&,, &)e(£)®en(£;) = Pleg(£2)® e 1)), (16)
From equations (9} and {15), one can get an important relation
R{¢,, &) PA; ,(a)P=PA.,.(a)PR(£, &) (17)

here a € SU,(2). With the help of F" acting on the highest weight vector, one can get
all vectors in the representation. So, we take the a in equations (9) and (17) as F from
which one can find the iterating relation

R(6, £)(Fi®D=[AR(, €~ BR(&, /K@D g o (18

R(t, £)1®F) = [BR(&, &)~ AR(E, E)IOKN mp = (19)
where A, B are given by

A=A, (F)=F®1=K®F )

B=(U°A)§2§I=I®F1+F2®K1.
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From equations (18) and (19), one find
R(&, &N Fr@®FR)

-( £ (-vmgey | ] arom)
51=0

(e[

1
. - : 21
M (- 7K ® Ky @1

X R(&, EHKIBKE)

Applying the above equation to the highest weight vector e,(£,) ® ey £,), one can obtain
the explicit form of R(¢,, &)

R(&, &)X Flreq(£)® F2ey(£,))

1 ,
- IIJ[-1=+r2—1 (1 _ 4211\11\2)

% T (A=2.g?B) h (B- Azq’”zA)eo(gz)@eo(&J (22)

L=0

Expandmg the left-hand side of equation (22), one can find the matrix elements lef;
which will be given the nexi section.

3. The explicit expression of intertwiner

In the previous section, we give the operator form of intertwiner R. In order to find
the explicit expression of R, we must expand the left-hand side of equation (22) in
term of F3® F{". Define two operators as

Mi=A-2\¥B=F®(1- g K)+(Ko— 2,47 )@ F, (23)
N =B-MA=F,®(K,- ¢} +(1-10"K)@F, (24)
acting on the vase e,(&) ® e, (£,), which give
M, (£)Re (&)
= (Ag)ssr(L ~ 14" N £) @ e:(£1)
F (A g1(A29% — 4197V e (&) Dy
=a;(s, t}e,r B e, +b{s, t)e,Re,y, (25)
Ne(£2)@ e (&)
= (A2)gsr1(X1g™ = A2¥) e 1 (&) Be(é)
(A (1- 36 e (&) D e
=¢(s, t)er Pe+di(s t)e,®en, (26)
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and also define two functions  and l; as

p pt1
I:I Me,®e,= Z A € A SO VY TSR = (27}
].-.[0 Ne ® et ZO !tbf."t(s t: A-l » A2)63+J'(get+p+1—_j" - ‘ (28)
= J=

Substituting equations (27) and (28} into equation (22), one can find
R(&,, £L)(Freo(¢,)® Frel(£s))

r+r2 r.
{f (s, L, )tb)'-z)lff s+ tl—p r+p—L A, As)

ptr,—1 1

I = es-I-.u.(§2)® er+r|_+rz—p.(§l)}' _ (29)

In order to find the elements of intertwiﬁer R, one must get the functions defined
in (27) and (28). It is convenient to graphic representation. The equations (25) and
(26) can be depicted in figure 1 with factors on each edge as

(s, £) = (Aa)s e (1~ 234°)
bi(s, t)= (A1)4t+1(’\2q25 _1\1‘12i)
ai(s, 1) = (A2)serr(A18% — 124>)
dils, 1) = (A1) eas (1= A34%9).
Then equations (27) and (28) can be depicted in figure 2. Every vertex stands for
a vector state e, ® ¢, (n, m), and every directed edge together with its facior represents
the linear relation in (27) and (28). All vertices at the same horizontal line has the
same n-+m, and the subindex n(m) decreases (increases) one by one from left to right.
A path between two vertices is admissible if all edges in it are along the path. From

the top vertex to someone in the bottom, there are many admissible paths. Hence, we
have

"“ =Y admissible path. {30)
With the help of this hint, one can get the expression of /" as ‘

¢;+1(ss ts Als AZ)

=1
= ()‘Z)s,s+p+!-j(’\1)r,t+j :1:[0 (Azqzs - )‘1‘12!)

g 2,21 [p+1]!
xfl:i+1(1 Mg )[j]![p-i-l—j]!' (31)

Figure 1. Representation of the relations (25) and (26).
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{s,t)

{s+p+l-], t+j-1) J 1))

(s+p+1-j, t+j)

Figure 2. Graph used for the calculation of M, and N;.

The proof of the above equation is direct calculation. From figure 2, we know that
the admissible paths from (s+p—j, é+j} and (s+p+1—j, ¢+j—1) are uniquely
determined by the edges with factor a, and b, respectively. So we have

PI(s, £, Ay, An)
= '1(’_‘},(3, ts Al, Az)ap+([;f_1(s’ t’ /\_1, Az)bp
hil il [p]!
= (Az)s sep—i(A . g g2 T ICT N ) L
( 2):, +p J( 1)!,!+J ll;[g( 2q 1) Iﬂﬁ( 19 )[f]![P-j]!
X (,"2)5+p—j,s+p+1_j(1 —A%qz(l"*‘f‘*'j))

, i—2
(A2} sk pi1— (A L) g kit !Ho (A29% — A1 g™

thp-1 [p+1]! .
X ::Ej_1 (1-2fq*) DI+l (A)esjor,eas(Aag™F P 1,1 g7P)
-1 1+p—1 [pl!
={A s A : A 2.5'_,\. 21 1_,\2 20y befdEr
(A2} s prhl _}( 1):,:4—; !1;[0( 24 197) Hv ( 197) Iz +1-711

X{[p+1-H1-g* " PAD+[1g° 71— g* A}

it is easy to show that the right-hand side of the above equation coincides with one
of (30). The function "' can be obtained by using the similar way. We do not repeat
the procedure and only give the final result

J,Ii,-i‘l(s; t: A13A2)=¢f+1("'!(—)/l2= SHI). (32)



R-matrix and Clebsch- Gordan coefficients . 3207

In the above; (x <> y) represents the permutation of x and y. Substituting the equations
(31) and (32) into (22) and takmg care of the action of F on e,, we get the elemenis
of intertwiner R

Rf‘"‘t""'z'-”' — 1

e (Ada il A2)o,, Ty Ty (1 qﬂfhﬁz)

X Z ¢r1+!—px.(0 0 A‘l: 2)‘;”! (r1+l ey = I’A'ZQ 1)

(/‘-2)0 M(AI)O r+Fr—u =t 2!
=2t nlon 1-g¥Ah
(?\1)0 rl(A2)U,r2 lljo ( T 2)

r rHl—pe—1 -1 alr A
) { Ao=ig”) T (g™~ 2207)
=

i=0 ;—

r i1 i )
x {1 -2 =M
JErpt— ,u. i=w
[r]ilr]! }
[t i—p]ilw— -0
Now, we consider some special cases. The sunplest two elements are
s (1 -~ BPYIE M=2og™ _ (Adon
oT (1 Arrag™) (Ador(Aado,s,
n—I 21
(1\1):-;;(!\2)0 F—x (’\-2 21) . - . . (35)
fr-n]l e (1= 2A14,¢%)

fﬂﬂ

(33)

NO
R’:"z

(rn+rn=N) (34)

Rl‘—ﬂn

. The elément
a nontrivial . I1m1t

1 r )
erf'r+r —! (’ 1) ( 2)
i (1 A. /\2) 17 1’1-}-21:2.._ I‘l_ lz

X (1 4)(1= )71 = A) (14 A2) 24, —If\z)rzulz(l\z —A)t (36)

appeared in [15]. When N-approaches to oo, equation (33) gives

As pointed out in [15], due to the non-trivial limit of comultiplication of the generators,
this limit of R gives a infinite dimensional representation’ of braid group. From the
calculation, the unitarity of R is obvious

Z RL;;:FP\Z ,u,()‘29 I)R':';!;-rz—“(“'l ? AZ) = Srlr{ Sr\zrz!- A (37)
m
In principle the hexagonal equation for R can be shown from this explicit expression,
but the calculation is very complicated and we do not want to do it here.
4. Clebsch-Gordan coefficients
The Clebsch-Gordan coefficients are very iﬁlportant in studying the decomposition of

two irreducible representations. It has been shown that the tensor product of two
semiperiodic representations of SU,(2) is completely reducible and can be decomposed
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into the direct sum of semiperiodic representations [15, 16]. The decomposed rules
are given by

N-1

(A1, 1)@ (A2, 32) = raa ( NiAz, nth J’z) (38)

0

This means that
e{éN))=3 K1 (&, &, é(D))e, (£)® e, (L) (39)

where K's are the Clebsch-Gordan coefficients for the semiperiodic representations.
In order to find these coefficients, we need to use the comultiplication of F. First,
consxdenng the highest weight vector eo(g) of the semiperiodic representation £(f) =

(@*A1Az, y12)
A(K)eo(£(1)) = Mg £(1))

=Y Kgg* A 06, (6)® e, (&) (40)
which gives that
r+r,=Imod N. (41)
Thus, the highest weight vector of £(I) can be written as
wlEM)= 3 Kite®et T Kite,®c, (42)

The operator A(E) acting on e,(£(1)) give the following

(Z + Z ){KB"Z([G](ahq"—’)erl-x®e&

rtra=l  rtra=N+[
+[r.J(1 +A2qrz_l)/\-lq2rler|®erg-l)} =0. ‘ - (43)

Because of the linear independence of ¢,&e,,, one can find the recursion relation
of K's

Ko n + 111+ hg™) + K§ ™ [+ 11+ Ag)2,g%: = 0

(ntr+li=0) or (ntrtl=N+Ii) (44)
Ko'=K =0.

It is easy to find

Ka’"’—ﬁq Mg Py (O=rs) (43)
and

KLHN=r =g 0=sr=N-D.

In fact, equation (44) was given in [15]. Hence equations {(41), (44) and (45) give the
highest weight vector. Consequently, the vectors with arbitrary weight can be obtained
from the comuliiplication A(F™) actmg on the highest weight vector e,(£). A useful
formuia is

A(F"}= Z [ ]F’K”“’@F"‘-’ (46)

=0
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which acting on e, gives

= z h ! He=ryn—y  2r(n—j)
n(g(l)) ()LI)OHJEO |:]:| réo KO }\1 1

KA i (A2)ionimrin—j€ri, @ €1 rin—y

— 1 iin e, Re {Z[ n ]Krf—r
(Ao mao rrnom m—-rl" "

><(:’L{)"*""’qz'("“_’")(M)r,m,(f\z):-r,m-m} . (47)

where A;=¢ )L 1A2 and second summation over r must keep r, l rrm—randn—m-+r
be positive or zero. Introducing a quantity :

n

F(j: m, n) = Z [m - r] KBI_F("\-‘I)n+r.:m‘q2r(n+':_m)(1&1)r,m(’\'2)I—r,l+n—m (48)

and making use of the relation ey..; = ke;, one can find the explicit expression as

(len<N '
m,[-(-n—m___ -
Kr, F(I,m,n) {l_*_n;N ana 1+n—N<m<N - (49)
and o |
Kmin=m=N o kB(] m, n) (I+n=zN,0=sm<i+n—N) (50)

KooNtreem = kBl m, n),(I+n= N, Nsm<!+n).

It is worthy to note that although equations (49) and (50) have the similar form, indeed,
the functions F(I m, n) give the dlﬂEerent expressions for parameters I mand n at
different areas.

5. Discussion

In quantum group, the intertwiner and Clebsch-Gordan coefficients have the following
relation

R(HI:HZ)K(HI: IL,, I1,) = (11, , I, HS)K(HI’H2,H3) (51)
where
H;:SUq(Z)-éEnd(V,-) - (52)

and ¢ is a scale function. For V; being the irreducible SU,(2)-moduule with spin f,
the scale ¢ iIs

WUy Jos Js) = (—1YrThagelad—elin=eli (53)

where c(j}=j(j+1)} is the classical casmir in V|. For semiperiodic representation in
the case ¢° = 1. Gomez ef al have shown that the scale ¢ is unit and presume that this
is true for arbitrary N{g™ =1). In principle, one can use the expressions of R (33)
and K (49) and (50) to prove the conjecture. But it is very complicated and we do
not give the proof of it.
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